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ON THE HAUSDORFF DIMENSION FAITHFULNESS
AND THE CANTOR SERIES EXPANSION
SERGIO ALBEVERIO1,2,3,4,5, GANNA IVANENKO6,
MYKOLA LEBID7,8, GRYGORIY TORBIN9,10
Abstract. We study families Φ of coverings which are faithful for the Hausdorff
dimension calculation on a given set E (i. e., special relatively narrow families
of coverings leading to the classical Hausdorff dimension of an arbitrary subset
of E) and which are natural generalizations of comparable net-coverings. They
are shown to be very useful for the determination or estimation of the Hausdorff
dimension of sets and probability measures. We give general necessary and suffi-
cient conditions for a covering family to be faithful and new techniques for proving
faithfulness/non-faithfulness for the family of cylinders generated by expansions
of real numbers. Motivated by applications in the multifractal analysis of infi-
nite Bernoulli convolutions, we study in details the Cantor series expansion and
prove necessary and sufficient conditions for the corresponding net-coverings to
be faithful. To the best of our knowledge this is the first known sharp condition
of the faithfulness for a class of covering families containing both faithful and
non-faithful ones.
Applying our results, we characterize fine fractal properties of probability mea-
sures with independent digits of the Cantor series expansion and show that a class
of faithful net-coverings essentially wider that the class of comparable ones. We
construct, in particular, rather simple examples of faithful families A of net-
coverings which are "extremely non-comparable" to the Hausdorff measure.
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1. Introduction
The notion of the Hausdorff dimension is well-known now and is of great impor-
tance in mathematics as well as in diverse applied problems (see, e.g., [19, 23, 30, 39]).
In many situations the determination (or even estimations) of this dimension for sets
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from a given family or even for a given set is a rather non-trivial problem (see, e. g.
, [8, 12, 19] and references therein). Different approaches and special methods for
the determination of the Hausdorff dimension are collected in [19, 20, 26]. A new
approach based on the theory of transformations preserving the Hausdorff dimension
(DP-transformations) was presented in [4, 5]. In this paper we develop another ap-
proach which is deeply connected with the theory of DP-transformations as well as
with the following well known approach: to simplify the calculation of the Hausdorff
dimension of a given set it is extremely useful to have an appropriate and a relatively
narrow family of admissible coverings which lead to the same value of the dimension.
We shall start to deal with one-dimensional sets and show later how our results can
be naturally extended to the multidiminsional case and to the general case of metric
spaces.
Without loss of generality we shall consider subsets from the unit interval. Let Φ
be a fine family of coverings on [0, 1], i.e., a family of subsets of [0, 1] such that for
any ε > 0 there exists an at most countable ε - covering {Ej} of [0, 1] with Ej ∈ Φ.
Let us shortly recall that the α-dimensional Hausdorff measure of a set E ⊂ [0, 1] w.
r. t. a given fine family of coverings Φ is defined by
Hα(E,Φ) = lim
ε→∞

 inf|Ej |≤ε


∑
j
|Ej |α



 = limε→∞Hαε (E, Φ),
where the infimum is taken over all at most countable ε-coverings {Ej} of E, Ej ∈ Φ.
We remark that, generally speaking, Hα(E,Φ) depends on the family Φ. The
family of all subsets of [0, 1] and the family of all closed (open) subintervals of [0, 1]
give rise to the same α-dimensional Hausdorff measure, which will be denoted by
Hα(E). The nonnegative number
dimH(E, Φ) = inf{α : Hα(E, Φ) = 0}
is called the Hausdorff dimension of the set E ⊂ [0, 1] w. r. t. a family Φ. If Φ is
the family of all subsets of [0, 1], or Φ coincides with the family of all closed (open)
subintervals of [0,1], then dimH(E, Φ) equals to the classical Hausdorff dimension
dimH(E) of the subset E ⊂ [0, 1].
The notion of comparable net measures are also well known now (see, e. g. ,
[18, 34]). Roughly speaking, net measures are special cases of Hα(E,Φ), where the
family Φ consists of sets with the following properties: 1) if A1 and A2 belong to
Φ, then A1 ⊂ A2 or A2 ⊂ A1 or A1
⋂
A2 = ∅; 2) Φ is countable; 3) at most a
finite number of sets from Φ contain any given set from Φ. Then the corresponding
net measure Hα(E,Φ) is said to be comparable to Hausdorff measure if the ratios
of measures are bounded above and below. It has been shown that comparable net
measures are very useful in the study of Hausdorff measures (see, e.g., [10, 18, 25, 34]
and references therein).
In this paper we actually develop theory of measures which are generalizations of
comparable net measures in the following sense.
Definition. A fine covering family Φ is said to be faithful family of coverings (non-
faithful family of coverings) for the Hausdorff dimension calculation on [0, 1] if
dimH(E,Φ) = dimH(E), ∀E ⊆ [0, 1]
(resp. ∃E ⊆ [0, 1] : dimH(E,Φ) 6= dimH(E)).
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It is clear that any family Φ of comparable net-coverings (i.e., net-coverings which
generate comparable net-measures) is faithful. Conditions for a fine covering family
to be faithful were studied by many authors (see, e.g., [6, 11, 15, 32] and references
therein). First steps in this direction have been done by A. Besicovitch ([10]), who
proved the faithfulness for the family of cylinders of binary expansion. His result was
extended by P. Billingsley ([11]) to the family of s-adic cylinders, by M. Pratsiovytyi
([38]) to the family of Q-S-cylinders, and by S. Albeverio and G. Torbin ([6]) to the
family of Q∗-cylinders for those matrices Q∗ whose elements p0k, p(s−1)k are bounded
from zero. Some general sufficient conditions for the faithfulness of a given family
of coverings are also known ([15], [32]). Let us mentioned here that all these results
were obtained by using the standard approach: if for a given family Φ there exist
positive constants β ∈ R and N∗ ∈ N such that for any interval B = (a, b) there
exist at most N∗ sets Bj ∈ Φ which cover (a, b) and |Bj | ≤ β · |B|, then the family
Φ is faithful. It is clear that all above mentioned families of net-coverings are even
comparable.
It is rather paradoxical that initial examples of non-faithful families of coverings
appeared firstly in two-dimensional case (as a result of active studies of self-affine
sets during the last decade of XX century (see, e.g., [9])). The family of cylinders
of the classical continued fraction expansion can probably be considered as the first
(and rather unexpected) example of non-faithful one-dimensional net-family of cov-
erings ([29]). By using approach, which has been invented by Yuval Peres to prove
non-faithfulness of the family of continued fraction cylinders ([29]), in [2] authors
have proven the non-faithfulness for the family of cylinders of Q∞-expansion with
polynomially decreasing elements {qi}. The latter two families of coverings give ex-
amples of non-comparable net measures. So, it is natural to ask about the existence
of faithful covering families which are not comparable.
We study this problem and give general necessary and sufficient conditions for a
fine covering system to be faithful. The main aim of the paper is to study faithful
properties of the covering families which are generated by the famous Cantor series
expansions. Let us recall that for a given sequence {nk}∞k=1 with nk ∈ N\{1}, k ∈ N
the expression of x ∈ [0, 1] in the following form
x =
∞∑
k=1
αk
n1 · n2 · . . . · nk =: ∆α1α2...αk..., αk ∈ {0, 1, ..., nk − 1}
is said to be the Cantor series expansion of x. These expansions, which have been
initially studied by G. Cantor in 1869 (see., e.g. [13]), are natural generalizations
of the classical s-adic expansion for reals. Cantor series expansions have been in-
tensively studied from different points of view during last century (see, e.g., [24, 35]
and references therein). Our own motivations to study faithful properties of such ex-
pansions came from our investigations on fine fractal properties of infinite Bernoulli
convolutions, i.e., probability distributions of the following random variables
ξ =
∞∑
k=1
ξkak, (1)
where
∞∑
k=1
ak is a convergent positive series, and ξk are independent random variables
taking values 0 and 1 with probabilities p0k and p1k respectively. Measures of this
form have been studied since 1930’s from the pure probabilistic point of view as
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well as for their applications in harmonic analysis, dynamical systems and fractal
analysis [27]. The Lebesgue structure and fine fractal properties of the distribution
of ξ are well studied for the case where rk :=
∞∑
i=k+1
ai ≥ ak for all large enough k
(see, e.g., [1, 14]). The case where ak < rk holds for an infinite number of k can be
considered as a «Terra incognita» in this field. Even for the case where ak = λ
k and
p0k =
1
2 the problem of singularity is still open ([37]). Main problems here are related
to the fact that almost all points from the spectrum of ξ have uncountably many
different expansion in the form
∑
εkak, εk ∈ {0, 1}. This is the so-called «Bernoulli
convolutions with large overlaps». We consider two special classes of such measures.
The first one is generated by sequences ak with the following properties: ∃ {mk} such
that rmk > amk = amk+1 + ... + amk+sk , sk = mk+1 −mk − 1 ≥ 2, k ∈ N, rj = aj ,
for j /∈ {mk}.
The second one is connected to the sequences ak such that ∀k ∈ N ∃sk ∈ N
⋃{0} :
ak = ak+1 = ... = ak+sk = rk+sk , and sk > 0 for an infinite number of indices k.
In both cases singularity plays a generic role and to study fine fractal properties
of the corresponding probability distributions it is necessary to have knowledge on
faithfulness (non-faithfulness) of fine families of partitions which are turned to be
the Cantor series partitions.
Main result of the present paper states that the family A of Cantor coverings of
the unit interval is faithful for the Hausdorff dimension calculation if and only if
lim
k→∞
lnnk
lnn1 · n2 · . . . · nk−1 = 0. (2)
To the best of our knowledge this theorem gives the first necessary and sufficient
condition of the faithfulness for a class of covering families containing both faithful
and non-faithful ones. The proof of this result is given in the next Section. As a
corollary of our results we characterize fine fractal properties of probability measures
with independent digits of the Cantor series expansion and show that a class of
faithful net-coverings essentially wider that the class of comparable net-coverings.
We construct, in particular, simple examples of faithful families A of net-coverings
which are "extremely" non-comparable to the Hausdorff measure.
2. Sharp conditions for the Hausdorff dimension faithfulness of
the Cantor series expansion
In this Section we give some general conditions for a fine covering family to be
faithful for the Hausdorff dimension calculation and prove necessary and sufficient
conditions for the Cantor series net-coverings to be faithful.
We start firstly with a very useful lemma, which can be proven easily, and, never-
theless, presents general necessary and sufficient conditions for the faithfulness.
Lemma 1. Let Φ be a fine covering family on [0, 1]. Then Φ is faithful on the unit
interval if and only if there exists a positive constant C such that for any E ⊂ [0, 1],
any α ∈ (0, 1] and any δ ∈ (0, α) the following inequality holds:
Hα(E,Φ) ≤ C ·Hα−δ(E). (3)
Let us mention that this lemma can be obviously generalized to a multidimensional
Euclidean space and even to any metric space, which can be equipped by fine covering
families.
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Based on the latter lemma one can easily get the following sufficient condition for
the faithfulness of a fine covering family.
Lemma 2. Let Φ be a fine covering family of [0, 1]. Assume that there exists a
positive constant C and a function N(x) : R+ → N such that:
1) for any interval I ⊂ [0, 1] there exist at most N(|I|) subsets
△I1, △I2, ..., △Il(I) ∈ Φ
with
l(I) ≤ N(|I|), |△Ij | ≤ |I| and I ⊂
l(I)⋃
j=1
△Ij ;
2) for any δ > 0 there exists ε1(δ) > 0 such that
N(|I|) · |I|δ ≤ C, ∀I ⊂ [0, 1] with |I| < ε1(δ).
Then the family Φ is faithful on [0, 1].
Let {nk}∞k=1 be a sequence with nk ∈ N\{1}, k ∈ N. Let us recall that the
expression of x in the following form
x =
∞∑
k=1
αk
n1 · n2 · . . . · nk =: ∆α1α2...αk..., αk ∈ {0, 1, ..., nk − 1}
is said to be the Cantor series expansion of a real number x ∈ [0, 1].
For a given sequence {nk}∞k=1 let Ak be the family of the k-th rank intervals
(cylinders) , i.e.,
Ak := {E : E = ∆α1α2...αk , αi ∈ 1, ni, i = 1, 2, ..., k}.
Let A be the family of all possible rank intervals, i.e.,
A := {E : E = ∆α1α2...αk , n ∈ N, αi ∈ 1, ni, i = 1, 2, ..., n},
which is said to be the Cantor covering family.
The following theorem gives necessary and sufficient conditions for a Cantor cov-
ering family to be faithful.
Theorem 1. The family A of Cantor coverings of the unit interval is faithful for
the Hausdorff dimension calculation if and only if
lim
k→∞
lnnk
lnn1 · n2 · . . . · nk−1 = 0. (4)
Proof. Sufficiency. Let (4) holds. It is enough to prove that
dimH(E) ≥ dimH(E,Φ), ∀E ⊂ [0, 1].
Let I be an arbitrary interval. Then there exists an interval∆(k(I)) = ∆α1...αk(I) ∈
A such that:
1) ∆α1...αk(I) ⊂ I;
2) any interval of (k(I) − 1) th rank does not belong to I.
The interval I contains at most 2 · nk(I) intervals from Ak. So I can be covered by
N(|I|) = 2 · nk(I) + 2 intervals from Ak. Therefore,
|∆(k(I))| ≤ |I| < N(|I|) · |∆(k(I))| .
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Let C be an arbitrary positive constant. Then the equality
lim
k→∞
lnnk∑k−1
i=1 lnni
= 0
holds if and only if for any positive δ there exists k0(δ) ∈ N such that ∀k > k0(δ) :
(2 · nk + 2) ·
(
2 · nk + 2
n1 · n2 · ... · nk−1 · nk
)δ
≤ C.
Therefore ∀δ > 0, ∃k0(δ), ∀k > k0(δ) :
N(|I|) · |I|δ ≤ C.
So, from Lemma 2 it follows thatA is faithful for the Hausdorff dimension calculation.
Necessity. Now we show that if
lim
k→∞
lnnk
lnn1 · n2 · . . . · nk−1 =: C > 0, (5)
then A is non-faithful for the Hausdorff dimension calculation. To this end we shall
construct a set T = T (C) with the following properties:
1) dimH(T ) ≤ 2
2 + C
;
2) dimH(T,A) ≥ 4 + C
4 + 3C
.
From (5) it follows that there exists a subsequence {ki} such that ∀δ ∈ (0, C), ∃N0(δ),
∀ki > N0(δ):
(n1n2 . . . nki−1)
C−δ ≤ nki ≤ (n1n2 . . . nki−1)C+δ. (6)
It is clear that ∀ε > 0, ∃N1(ε) : ∀k > N1(ε) :
1
n1 · n2 · . . . · nk−1 < ε. (7)
Let N2(ε, δ) := max{N0(δ), N1(ε) }. Let us choose a subsequence
{
k′j
}
from the
sequence {ki} with the following property:
ln(nk′j−1+1 . . . nk′j−1)
ln(n1n2...nk′
j−1−1nk′j−1nk′j−1+1 . . . nk′j−1)
> 1− C
4
, (8)
and construct the set T in the following way:
T =
{
x : x ∈ [0, 1), x =
∞∑
k=1
αk(x)∏k
i=1 ni
, αk(x) ∈ 0,
[√
nk
]
if k ∈ {k′j}, and αk(x) ∈ 0, nk − 1 if k /∈ {k′j}
}
.
Firstly let us show that
dimH(T ) ≤ 2
2 + C
. (9)
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Let k′j > N2(ε, δ). The set T can be covered by n1 · n2 · . . . · nk′j−1 intervals and
each of them is a union of
[√
nk′j
]
+1 sets from Ak′j . The α-volume of this ε-covering
is equal to
n1n2 . . . nk′j−1


[√
nk′j
]
+ 1
n1n2 . . . nk′j


α
.
From (6) it follows that
n1n2 . . . nk′j−1


[√
nk′
j
]
+1
n1n2...nk′
j


α
≤ 2α(n1n2 . . . nk′j−1)1−
1
2
α(C−δ)−α,
Suppose
1− 1
2
α(C − δ) − α < 0,
then
Hαε (T ) ≤ lim
j→∞
2α(n1n2...nk′j−1)
1− 1
2
α(C−δ)−α = 0.
Therefore,
Hαε (T ) = 0, ∀α >
2
C − δ + 2 , ∀ε > 0, ∀δ > 0.
So,
dimH T ≤ 2
C − δ + 2 , ∀δ > 0,
and, hence,
dimH T ≤ 2
C + 2
.
Now let us show that
dimH(T,A) ≥ 4 + C
4 + 3C
.
Let
{k′′j } = {k′j}
⋂
{N2(ε, δ) + 1, N2(ε, δ) + 2, ...}.
Let µ = µN2(ε,δ) be the probability measure corresponding to the random variable
ξ =
∞∑
k=1
ξk∏k
i=1 ni
,
where ξk are independent random variables; if k ∈ {k′′j }, then ξk takes values
0, 1, ..., [
√
nk] with probabilities
1
[
√
nk]+1
; if k /∈ {k′′j }, then ξk takes values 0, 1, ..., nk−
1 with probabilities 1
nk
.
Then
|∆α1α2...αk | =
1
n1n2...nk
for any ∆α1α2...αk from Ak, and
µ(∆α1α2...αk) =
1
ϕ1ϕ2...ϕk
where ϕt = nt if t /∈ {k′′j } and ϕt =
[√
nt
]
+ 1 if t ∈ {k′′j }, ∀t ∈ N.
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Let us show that
ln(µ(∆α1α2...αk))
ln(|∆α1α2...αk |)
≥ 4 + C − 2δ
4 + 3C + 4δ
, ∀k ∈ N. (10)
Taking into account properties of {k′′j }, one can prove by induction on j that
ln
(
ϕ1ϕ2...ϕk′′j
)
ln
(
n1n2n3...nk′′j
) ≥ 4 + C − 2δ
4 + 3C + 4δ
, ∀j ∈ N. (11)
Let k ∈ (k′′j , k′′j+1). Then
ln (µ (∆α1α2...αk))
ln (|∆α1α2...αk |)
≥
ln
(
µ
(
∆α1α2...αk′′
j
))
ln
(∣∣∣∣∆α1α2...αk′′
j
∣∣∣∣
) ≥ 4 +C − 2δ
4 + 3C + 4δ
, ∀k ∈ N.
Let {∆′i} be an arbitrary ε - covering of Т, ∆′i ∈ A, ∀i ∈ N. Then, using (11) we
get
4 + C − 2δ
4 + 3C + 4δ
≤ ln(µ(∆
′
i))
ln(|∆′i|)
< 1
which implies that
µ(∆′i) ≤
∣∣∆′i∣∣ 4+C−2δ4+3C+4δ .
Let α ∈ [0, 4+C−2δ4+3C+4δ ). Then we have
1 = µ(T ) ≤
⋃
i
µ(∆′i) ≤
∑
i
∣∣∆′i∣∣ 4+C−2δ4+3C+4δ ≤∑
i
∣∣∆′i∣∣α .
So, ∀δ > 0, ∀ε > 0, α ∈ [0, 4+C−2δ4+3C+4δ ), and for any ε - covering {∆′i} of the set T by
cylinders ∆′i ∈ A we have : ∑
i
∣∣∆′i∣∣α ≥ 1.
Therefore,
Hαε (T,A) ≥ 1, ∀δ > 0, ∀ε > 0, α ∈ [0,
4 + C − 2δ
4 + 3C + 4δ
).
So,
Hα(T,A) ≥ 1, ∀δ > 0, ∀α < 4 + C − 2δ
4 + 3C + 4δ
.
Hence,
dimH(T,A) ≥ 4 + C − 2δ
4 + 3C + 4δ
, ∀δ > 0,
and, therefore,
dimH(T,A) ≥ 4 + C
4 + 3C
,
which completes the proof. 
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3. Some applications
First application of this theorem will be connected with fine fractal properties of
random Cantor expansions. Let us recall that for a given probability measure µ the
number
dimH µ = inf{dimH(E) : µ(E) = 1}
is said to be the Hausdorff dimension of the measure µ. In the case of singularity this
number is a rather important characteristic of a probability measure (see, e.g., [6]).
Applying the latter theorem and methods from [6], we get the Hausdorff dimension
of the probability distribution µξ of the random variable ξ with independent digits
of the Cantor series expansion, i.e.,
ξ =
∞∑
k=1
ξk
n1n2...nk
,
where independent ξk take values 0, 1, ..., nk−1 with probabilities p0k, p1k, ..., pnk−1,k
respectively.
Proposition 1. Let hj = −
nk−1∑
i=0
pij ln pij and Hk =
k∑
j=1
hj. If
∞∑
k=1
(
lnnk
ln (n1n2...nk)
)2
<∞, (12)
then the Hausdorff dimension of the probability distribution µξ of the random variable
ξ with independent digits of the Cantor series expansion is equal to
dimH(µξ) = lim
k→∞
Hk
ln (n1n2...nk)
.
Now let us consider examples which show essential differences between the notions
of faithful net-coverings and comparable net-coverings.
Example 1. Let nk = 4
k, ∀k ∈ N and let A be the net-covering family generated
by the corresponding Cantor series expansion. Let
A =
{
x : x ∈ [0, 1], x =
∞∑
k=1
αk(x)∏k
i=1 ni
, αk(x) ∈ {0, 1, ..., 2k − 1}, ∀k ∈ N
}
.
Then
1) dimH A =
1
2 ;
2)H
1
2 (A,A) ≥ 1;
3)H
1
2 (A) = 0.
Proof. Let λ be Lebesgue measure on the unit interval and let µξ be the probability
measure of the random variable
ξ =
∞∑
k=1
ξk∏k
i=1 ni
,
where ξk are independent random variables taking values 0, 1, ..., 2
k − 1 with
probabilities 1
2k
. Let ∆n(x) be the n-th rank cylinder of the Cantor series expansion
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containing x. It is clear that for any x ∈ A one has
µξ(∆n(x)) = 2
−n(n+1)
2 and λ(∆n(x)) = 4
−n(n+1)
2 .
So,
lnµξ(∆n(x))
lnλ(∆n(x))
=
1
2
, ∀x ∈ A. (13)
Using the Theorem 2.5 from [11], we get dimH(A,A) = 12 . From our theorem one
can obviously derive the faithfulness of the family A for the case nk = 4k. Therefore
dimH(A) =
1
2 .
Let {Ej} be an arbitrary ε-covering of the set A by cylinders from A. Without
loss of generality we may assume that Ej ∩A 6= ∅, i.e., Ej = ∆nj(x) for some x ∈ A.
Applying the mass distributional principle, we have
1 = µ(A) = µ(
⋃
j
Ej) ≤
∑
j
µ(Ej) =
∑
j
|Ej |
1
2
for any ε-covering of A by cylinders from A. Therefore, H 12 (A,A) ≥ 1.
The set A can be covered by 21 · 22 · . . . · 2k−1 · 1 intervals (each of them is a union
of 2k k-th rank cylinders) with length 2−k2 . The 12 -volume of this covering is equal
to 2
(k−1)k
2 ·
(
2−k2
) 1
2
, which tends to 0 as k →∞. Therefore, H 12 (A) = 0. 
The following example shows that a faithful net-covering family can be "extremely
non-comparable" to the Hausdorff measure.
Example 2. Let nk = 4
k and let A be the net-covering family generated by the
corresponding Cantor series expansion. Let
T =
{
x : x ∈ [0, 1], x =
∞∑
k=1
αk(x)∏k
i=1 4
i
with αk(x) ∈ 0,√nk − 1 if k 6= 2s,
αk(x) ∈ 0, k · √nk − 1 if k = 2s, s ∈ N
}
.
Then the family A is faithful for the Hausdorff dimension calculation and
1) dimH T =
1
2 ;
2)H
1
2 (T,A) = +∞;
3)H
1
2 (T ) = 0.
Proof. Let µξ be the probability measure with respect to the random variable
ξ =
∞∑
k=1
ξk∏k
i=1 ni
,
where ξk are independent random variables with following distributions:
if k 6= 2s, then ξk takes values 0, 1, ..., 2k − 1 with probabilities 12k ;
if k = 2s, then ξk takes values 0, 1, ..., k · 2k − 1 with probabilities 1k·2k .
Let ∆n(x) be the n-th rank cylinder of the Cantor series expansion containing x.
From the construction of ξ it follows that for any x ∈ T one has
µξ(∆n(x)) = 2
−
(
n(n+1)
2
+
([log2 n]+1)[log2 n]
2
)
and λ(∆n(x)) = 4
−n(n+1)
2 .
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So,
lim
n→∞
lnµξ(∆n(x))
lnλ(∆n(x))
=
1
2
,∀x ∈ T. (14)
Using Theorem 2.5 from [11] and the faithfulness of A we get
dimH(T,A) = dimH(T ) = 1
2
.
For a given m ∈ N let us consider 2m probability measures µj , j = 0, 2m − 1
corresponding to the random variables
ξj =
∞∑
k=1
ξjk∏k
i=1 4
i
,
whose independent digits ξjk have the following distributions:
if k 6= 2s, then ξjk takes values 0, 1, ..., 2k − 1 with probabilities 12k ;
if k = 2s, s 6= m, then ξjk takes values 0, 1, ..., k · 2k − 1 with probabilities 1k·2k ;
if k = 2m, then ξjk takes values j · 2k + 0, j · 2k + 1, ..., (j + 1) · 2k − 1 with
probabilities 1
2k
.
Let Sj be the spectrum of the measure µ
j. From the construction of these mea-
sures and the definition of the set T it follows that Sj
⋂
Si = ∅ and T =
⋃2m
i=1 Si.
Taking into account inequality lnµ
j(∆n(x))
lnλ(∆n(x))
≥ 12 ,∀x ∈ Sj, and applying the mass dis-
tribution principle simultaneously for all measures mj, we get H
1
2 (T,A) ≥ 2m. Since
m ∈ N can be chosen arbitrarily, we have a desired conclusion about infiniteness of
H
1
2 (T,A).
On the other hand the set T can be covered by 21 ·22 · . . . ·22s−1 ·21 ·22 . . . 2s−1 ·1 =
2
(2s−1)2s
2
+ (s−1)s
2 intervals, each of them is a union of 2s22
s
cylinders from A2s with
length
(
1
4
) 2s(2s−1)
2 · 2s22
s
42s
=
(
1
2
)22s−s
. The 12 -volume of this covering is equal to
2
(2s−1)2s
2
+
(s−1)s
2
(
2−2
2s+s
) 1
2
= 2−
1
2
(2s−s2) → 0, (s→∞).
Therefore, H
1
2 (T ) = 0. 
By using the same techniques it is not hard to prove the following result.
Proposition 2. Let nk = 4
k and let A be the corresponding faithful net-covering
family generated by the Cantor series expansion. Then for any α ∈ (0, 1) there exists
a set Tα such that
1) dimH Tα = α;
2)Hα(Tα,A) = +∞;
3)Hα(Tα) = 0.
Proof. If α = p
q
∈ (0, 1) is a rational number, then the proof is completely similar to
those in example 2, but in the definition of the set Vk of digits which are admissible at
the k-th step of construction of Tα, we define Vk to be {0, 1, ...,
[
(nk)
p
q
]
− 1} instead
of {0, 1, ...,
[
(nk)
1
2
]
− 1} for k 6= 2s, and Vk = {0, 1, ..., k ·
[
(nk)
p
q
]
− 1} for k = 2s,
where [·] denotes the integer part of an argument.
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If α is an irrational number from (0, 1), then we choose an increasing sequence
{pk
qk
} of rational numbers converging to α and apply the same technics with the
following definition of the set Vk := {0, 1, ...,
[
(nk)
pk
qk
]
− 1}. 
Remark 1. The sequence nk has been chosen to be {4k} only for the simplicity of
calculations in the above examples. In the forthcoming paper we shall show how the
latter statement can be generalized and give necessary and sufficient conditions for
the Cantor net-coverings to be comparable.
Remark 2. The latter proposition shows extreme differences between comparable
and faithful net-coverings and demonstrates that the class of faithful net-coverings is
essentially wider then the class of comparable ones. The relation between these two
classes is similar to the relation between bi-Lipshitz transformations and transfor-
mations preserving the Hausdorff dimension (see, e.g., [4, 5] for details). More deep
connections between faithfulness of net-coverings and the theory of transformations
preserving the Hausdorff dimension will also be discussed in the forthcoming paper.
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